Discrete, Tunable Color Entanglement 
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Although frequency multiplexing of information has revolutionized the field of classical communi- 
cations, the color degree of freedom (DOF) has been used relatively little for quantum applications. 
We experimentally demonstrate a new hybrid quantum gate that transfers polarization entanglement 
of non-degenerate photons onto the color DOF. We create, for the first time, high quality, discretely 
color-entangled states (with energy bandgap up to 8.4 THz) without any filtering or postselection, 
and unambiguously verify and quantify the amount of entanglement (tangle, 0.611±0.009) by recon- 
structing a restricted density matrix; we generate a range of maximally entangled states, including 
a set of mutually unbiased bases for an encoded qubit space. The technique can be generalized to 
transfer polarization entanglement onto other photonic DOFs, like orbital angular momentum. 



Color, or frequency, is one of the most familiar de- 
grees of freedom (DOFs) of light and has been rou- 
tinely analyzed in spectroscopy for centuries. How- 
ever, although frequency multiplexing of information 
has had a profound impact on classical telecommuni- 
cations, little work has aimed at exploiting the fre- 
quency DOF for quantum-based information technolo- 
gies. A key ingredient in many such technologies is 
discretely encoded entanglement, which has been exten- 
sively investigated for other optical degrees of freedom 
(e.g., 0, |, i, i, H, 0, H 0, In contrast, dis- 

crete frequency entanglement has not yet been unam- 
biguously demonstrated, despite potentially interesting 
applications such as enhanced clock synchronization be- 

and improved quantum 



yond the classical limit [l 



communication in noisy channels [l3j ]. Flying qubits en- 
coded in tunable frequency bins would also be an ideal 
mediator between stationary qubits with different energy 
levels; e.g., very recently the state of two photons emitted 
by two separate Yb ions was projected onto a discrete 
frequency-entangled state, allowing the creation of en- 
tanglement and realization of teleportation between the 
ions [H||. Finally, the higher-dimensional Hilbert space 
accessible with the color DOF has known benefits for 
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quantum communication 
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X 61 ] and quantum cryptog- 



171 Il8l . I X Of ] , and would also allow the exploration 



of fundamental questions about quantum mechanics [201 ] . 

Continuous frequency entanglement between photon 
pairs arises naturally in spontaneous parametric down- 
conversion (SPDC) experiments as a consequence of en- 
ergy conservation 22, [23[. It is often, however, 
much simpler to control and use entanglement between 
systems with discrete, well-separated basis states (cf. 
time-bin entanglement @, 0])- A simple discrete color- 
entangled state would be (|wi)|w2) + |^2)|^i))/v / 2, where 
\ujj) represent single-photon states occupying discrete, 
well-separated frequency bins. Although such a state can 
be 'posts elected from broadband, continuous frequency 
entanglement (e.g., as in 21, 2^]), for most quantum ap- 



plications it is necessary to explicitly create such a state 
without postselection. There have been some propos- 
als and attempts to create discrete color entanglement 



in nonlinear waveguides [2J, ]25|. To date, however, no 



experiment has been able to conclusively show the cre- 
ation or quantitative measurement of discretely color- 
entangled photons. 

Here we report the first experimental demonstration of 
genuine discretely color-entangled states, created with- 
out any spectral filtering or postselection. We used a 
hybrid quantum gate (HQG), a gate that acts simul- 
taneously on different DOFs, that can deterministically 
transfer polarization onto color entanglement and unam- 
biguously verified and quantified this entanglement us- 
ing non-classical interference. We also demonstrated full 
control over the frequency separation and phase of the 
created states, while maintaining a high fidelity 

In our experiment (Fig. [T]), a tunable source of polari- 
sation entanglement based on continuous-wave SPDC Q 
generates fibre-coupled photon pairs close to a pure state: 



{a\H) 1 \H) 2 +e^P\V) 1 \V) 2 )® |wi)i|w 2 ) 2 , (1) 



where a 2 + (3 2 = 1, H and V denote vertical and hor- 
izontal polarization, and ojj is the central frequency of 
mode j. This notation neglects the spectral entanglement 
within the single-photon bandwidth, which was much less 
than the photons' frequency separation, (i = uji—lo2- By 
varying the temperature of the source's nonlinear (pp- 
KTP) crystal, we continuously tuned the photon frequen- 
cies from degeneracy (809. 6nm at 25.1°C) to a maximum 
separation of 8.4 THz (18.3 nm) at 68.1°C while main- 
taining high-quality polarization entanglement We 
controlled the polarization state with wave plates. 

Single mode fibers connect the source to the inputs of 
the hybrid gate depicted in Fig.QJb). The PBS maps the 
state depending on its polarization, to |o>i)3 (H) or 

l w i)4 (V), and similarly for the state \uj2)2- This transfers 
the existing polarization entanglement onto color with 
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a) entangled 
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FIG. 1: (Color online) Schematic of the experimental setup, 
(a) Source of polarization-entangled photon pairs with tun- 
able central frequencies, (b) The hybrid quantum gate's po- 
larizing beam splitter (PBS) maps the polarization entangle- 
ment onto the color degree of freedom. Subsequently project- 
ing on diagonal (D) linear polarization with polarizers (POL) 
at 45° generates the discretely color entangled state, (c) The 
state is analyzed by two-photon interference at a fiber beam- 
splitter (FBS); Si-APD single-photon detectors and coinci- 
dence counting (CC) logic measure the coincidence rate as a 
function of temporal delay between modes. 



the resulting hypoentangled [26j, |27j multi-DOF state: 
l^hypo) = a|JTwi) 3 |.Erw2>4 + e**0\ V^V^. (2) 

To create the desired state, the frequency entanglement 
must then be decoupled from the polarization DOF. This 
can be achieved dctcrministically by selectively rotating 
the polarization of one of the two frequencies (e.g., us- 
ing dual- wavelength wave plates). For simplicity, we in- 
stead chose to erase the polarization information proba- 
bilistically by projecting both photons onto diagonal po- 
larization using polarizers at 45°. We erased temporal 
distinguishability between input photons by translating 
fibre coupler 2 to maximise the non-classical interference 
visibility at the PBS for degenerate photons. Finally, we 
compensated for unwanted bircfringent effects of the PBS 
using wave plates in one arm. The gate output is then: 



|V>c 



a|wi) 3 |w 2 )4 + e l<t, p\u! 2 ) 3^1)4 



(3) 



The parameters defining this state can be set by prepar- 
ing an appropriate polarization input state (Eq. [I]) . 

To explore the performance of the hybrid gate, we 
first injected photon pairs close to the polarization state 
(\H) 1 \H) 2 -\V) 1 \V) 2 )/V2 with individual wavelengths 
811.9 nm and 807.3 ran. The gate should then ide- 
ally produce the discrete, anticorrelated color-entangled 
state: \tp) = 3^2)4,-^2) 3^1) 4) /V%- Figure [2}r) 
shows the unfiltered single-photon spectra of the two out- 
put modes, illustrating that each photon is measured at 
cither oj\ or oj 2 . This reflects a curious feature of dis- 
cretely colour-entangled states, that individual photons 
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FIG. 2: (Color online) Analysis of the discretely color- 
entangled state, a) Single-photon spectra for modes 3 and 
4; frequency separation is 2.1 THz (4.6 nm). The observed 
width of each bin is limited by the single-photon spectrome- 
ter, b) Normalized (i) coincidence and (ii) singles count rates 
as a function of delay in mode 4. The solid line in (i) is a fit 
of Eq. to determine V and the phase (f>. c) The estimated 
restricted density matrix: target-state fidelity, 0.891±0.003; 
tangle, 0.611±0.009; and purity, 0.801±0.004. 



have no well-defined color and no photon is ever observed 
at "mean-value" frequency. This feature clearly distin- 
guishes our experiment from the continuous frequency 
entanglement studied in earlier work [B|, [2l], [22| . 

Because the detuning, [i = 4.6 nm, is much larger than 
the FWHM bandwidth of the individual color modes of 
0.66 nm (0.30 THz; defined by the 10 mm nonlinear crys- 
tal), the two modes are truly orthogonal, making them 
good logical states for a frequency-bin qubit. This or- 
thogonality also means that color anticorrclations are 
strictly enforced by energy conservation, because a sin- 
gle down-conversion event cannot produce two photons 
in the same frequency bin. We confirmed this by di- 
rectly measuring the gate output in the frequency-bin 
computational basis (i.e. with bandpass filters in each 
arm tuned to oj\ or lu 2 ). We observed strong, compara- 
ble coincidence rates for the two "anticorrelated" basis 
states (10882 ± 104 and 9068 ± 95 in 30s for |wi) 3 |w 2 ) 4 
and 1^2)31^1)4, resp.), and no coincidences for the same- 
frequency states (|wi)3|wi)4 and |o;2)3 ^2)4) to within er- 
ror bars determined by the filters' finite extinction ratios. 

To demonstrate that the color state was not only anti- 
correlated but genuinely entangled, we used nonclassical 
two- photon interference [28| , overlapping the photons at 
a 50:50 fibre beam splitter (FBS) (Fig. [TJ;) and vary- 
ing their relative arrival time by translating fibre cou- 
pler 4 while observing the output coincidences. The re- 
sults in Fig. [2}d) show high-visibility sinusoidal oscilla- 
tions (frequency /i) within a triangular envelope caused 
by the unfiltered "sinc-squared" spectral distribution of 
the source 0, H^] . At the central delay, the normalised 
coincidence probability reaches up to 0.881 ± 0.007, far 
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above (> 50er) the baseline level of 0.5. This antibunch- 
ing is an unambiguous signature for antisymmetric en- 
tanglement [23I [30 . [31 1 and, in conjunction with the pre- 
vious measurements, conclusively demonstrates that our 
discrete color state is strongly entangled. As expected, 
the single-photon detection rates (Fig. [5b) exhibit neg- 
ligible interference effects. It is important to note that 
this signature is similar to those observed in earlier "spa- 
tial quantum beating" experiments |2l|, [22j . As demon- 
strated by Kaltenbaek et al. [12], however, observing this 
signature in different contexts does not necessarily lead 
to the same conclusions. In previous experiments, the ob- 
served signal was only postselected from broadband con- 
tinuous frequency entanglement and at no point could 
the quantum state of the photons emitted by the source 
be described solely as a discretely colour-entangled state, 
uncoupled from other DOFs. By contrast, our measure- 
ments do not rely on any spectral postselection, but as 
supported by the single-photon spectra, they result di- 
rectly from unfiltered discrete color entanglement. 

We now show how we can combine the above mea- 
surements to estimate a restricted density matrix in 
colour space. We first recall that energy conservation 
in the SPDC pair source and during photon propaga- 
tion constrains the state to the two-dimensional anti- 
correlated subspace of the two-qubit color space (be- 
fore and after the gate). This is a physical con- 
straint, validated by the measurements in the computa- 
tional basis. The complete density matrix within this 
subspace can be written (in the computational basis, 

{|wi) 3 |wi)4, 1^1)3^2)4, 1^2)3^1)4, 1^2)3^2)4}): 



(4) 



with real parameters that obey the physicality con- 
straints: < p < 1 and < y < \Jp{l — p). Any 
detection events outside this subspace arise from higher- 
order emissions and accidental coincidences, and also lie 
outside the full two-qubit space. Our computational ba- 
sis measurements showed that these vanished to within 
error bars, and we directly calculated the balance param- 
eter, p = 0.546±0.004 (using Poissonian errors). We es- 
timated the remaining parameters by fitting them to the 
nonclassical interference signal. For the above density 
matrix, given the source's spectral properties, we ana- 
lytically calculated the expected interference probability, 
p c , to be (following (23|): 
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where the coherence time r c is the base-to-base enve- 
lope width, related to the single-photon frequency band- 
width via Af FWHM = 0.885/r c ~ 0.3 THz. The miss- 
ing elements V and <j) can be identified as the visibil- 
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FIG. 3: (Color online) Two-photon interference for color- 
entangled states with three different frequency separations 
(and corresponding crystal temperatures): a) 1.7 THz (3.8 
nm), 33.7°C; b) 3.6 THz (7.9 nm), 43.7°C; and c) 8.4 THz 
(18.3 nm), 68.1°C. Solid lines show the curve fit according to 
Eq.[5]with V, fi and <f) as fitting parameters. The insets show 
the measured single-photon spectra for both modes of each 
state. 



ity and phase of the oscillating signal and can there- 
fore be estimated using curve fitting (for this state, V = 
0.782±0.006 and (f> = 179.2±0.4°). The resulting density 
matrix (Fig. [2b.) is strongly entangled, with a target-state 
fidelity of 0.891±0.003, tangle ^ of 0.611±0.009, and 
purity of 0.801±0.004 (error bars include Poissonian and 
fitting errors). This is the first quantitative measurement 
of the entanglement of any color-entangled state. 

Several error sources in our experiment contributed 
cumulatively to unwanted photon distinguishability in 
the final colour state and reduced the measured entan- 
glement, including: imperfect input polarization states, 
imperfect mode matching and residual polarization mis- 
alignment at the PBS, the finite PBS extinction ratio, 
and a slightly asymmetric FBS splitting. Accidental 
coincidence counts caused by detector dark counts and 
higher-order SPDC contributions were negligible. 

To illustrate the flexibility of the hybrid gate, we anal- 
ysed a series of output states for different frequency de- 
tunings /i and phases 0. We first tuned \x by varying the 
crystal temperature in the source, and the results (Fig. [3]) 
agree well with Eq. ([5|). The source enabled us to reach 
a detuning of 18.3 nm (8.4 THz), about 30 times the in- 
dividual color-bin bandwidths. The detunings estimated 
from curve fitting matched the single-photon spectra. 

We next prepared discrete color states of the form 
(|wi) 3 |w2)4+e^|w 2 )3|wi)4)/V2 with varying phase (</> = 
0°, 30°,. ..,360°) (Fig. ij. The measured states display 
an average target-state fidelity of 0.90 ± 0.01, a tangle of 
0.63 ± 0.03, and a purity of 0.82 ± 0.02, demonstrating 
that the hybrid gate accurately preserves quantum infor- 
mation stored in the original polarisation state. Note 
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tunable and efficient as ours is, it would allow access to 
higher-dimensional entangled states in the color DOF. 

During preparation of this paper, some related work 
was published by X. Li et al. [34| . The authors report the 
creation of frequency-entangled photons u sing four-wave 



-0.5 0.5 

Time Delay [ps] 

FIG. 4: (Color online) (a) Coincidence probabilities after the 
FBS as a function of the delay for 13 different, close to maxi- 
mally entangled discrete color states. The phase of the os- 
cillation pattern is proportional to the phase of the origi- 
nal polarization-entangled state, (c) Four close to maximally 
entangled discrete color states that represent two unbiased 
bases. 



that, together with the product states |wi)3|a>2)4 and 
1^2)31^1)4, the entangled states with phase 0°, 90°, 180° 
and 270° constitute a full set of qubit mutually unbiased 
bases. This illustrates the states' potential usefulness for 
quantum protocols such as quantum cryptography. 

In this paper, we have for the first time conclusively 
demonstrated the creation, control and characterisation 
of high-quality, discretely color-entangled states, pre- 
pared without any spectral filtering or postselection us- 
ing a hybrid quantum gate. We performed the first 
quantitative measurement of color entanglement using 
a novel technique for characterising the two-qubit color 
state within a restricted, antisymmetric subspace de- 
fined by energy conservation. Our hybrid gate can in 
fact be used to transfer polarization entanglement onto 
any desired photonic DOF (£), by preparing the input 
iV-^poi ® an d by appropriately erasing the polar- 

ization information after the PBS. Because the prepa- 
ration of high-quality polarization states can be much 
easier than in other photonic DOFs, this gate represents 
a valuable tool for quantum information processing tasks 
in those DOFs. Our work also has important implica- 
tions for the development of quantum memories and re- 
peaters, because color-encoded information could provide 
a natural interface between flying and stationary qubits 
(such as single ions, atoms or atom ensembles) where in- 
formation is encoded in different energy levels. Indeed, 
by inverting the procedure from one could poten- 
tially entangle distant ions directly by letting them ab- 
sorb a photon pair with the appropriate discrete color 
entanglement. Finally, we note that non-postselected, 
discretely color-entangled states could also be extracted 
from sources of continuous spectral entanglement (such 
as traditional SPDC) using custom-designed multi-band- 
pass filters. Although this approach would not be easily 



mixing in nonlinear fibres, but, as in [211. |22|. used two 
narrow-band filters to postsclcct the desired state from 
a broader spectral distribution and color entanglement 
could not be demonstrated unambiguously. 
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